arXiv:2312.01210v3 [stat.ME] 8 Feb 2024

submitted version

When accurate prediction models yield harmful self-fulfilling

prophecies

Wouter A.C. van Amsterdam, MD, PhD*
Department of Data Science and Biostatistics

Julius Center of Health Sciences and Primary Care
University Medical Center Utrecht, Utrecht, the Netherlands
University of Utrecht, Utrecht, the Netherlands
Heidelberglaan 100, 3584 CX Utrecht, the Netherlands
corresponding author

Nan van Geloven, PhD

Department of Biomedical Data Sciences
Leiden University Medical Center, Leiden, the Netherlands

Jesse H. Krijthe, PhD
Pattern Recognition & Bioinformatics
Delft University of Technology, Delft, the Netherlands

Rajesh Ranganath, PhD

Courant Institute of Mathematical Science, Department of Computer Science
Center for Data Science

New York University, New York City, USA

Giovanni Cina*, PhD

Department of Medical Informatics

Amsterdam University Medical Center, Amsterdam, the Netherlands
Institute for Logic, Language and Computation

University of Amsterdam, Amsterdam, the Netherlands

Pacmed, Amsterdam, the Netherlands

Word count: 3516

* these authors contributed equally

W.A.C.VANAMSTERDAM-3@QUMCUTRECHT.NL

G.CINAQAMSTERDAMUMC.NL

© 2024 W.A. van Amsterdam, MD, PhD, N. van Geloven, PhD, J.H.K. PhD, R.R. PhD & G.C. PhD.



HARMFUL SELF-FULFILLING PROPHECIES

Abstract

Objective Prediction models are popular in medical research and practice. By predicting an outcome
of interest for specific patients, these models may help inform difficult treatment decisions, and are often
hailed as the poster children for personalized, data-driven healthcare. Many prediction models are deployed
for decision support based on their prediction accuracy in validation studies. We investigate whether this
is a safe and valid approach.

Materials and Methods We show that using prediction models for decision making can lead to
harmful decisions, even when the predictions exhibit good discrimination after deployment. These models
are harmful self-fulfilling prophecies: their deployment harms a group of patients but the worse outcome of
these patients does not invalidate the predictive power of the model.

Results Our main result is a formal characterization of a set of such prediction models. Next we show
that models that are well calibrated before and after deployment are useless for decision making as they
made no change in the data distribution.

Discussion Our results point to the need to revise standard practices for validation, deployment and
evaluation of prediction models that are used in medical decisions.

Conclusion Outcome prediction models can yield harmful self-fulfilling prophecies when used for de-
cision making, a new perspective on prediction model development, deployment and monitoring is needed.
Keywords: Prognosis, Deployment, Monitoring, Decision Support Techniques, Causal Inference

1. Introduction

Clinicians and medical researchers frequently employ outcome prediction models (OPMs): statistical models
that predict a certain medical outcome based on a patient’s characteristics [1]. Researchers develop OPMs
to provide information to clinicians so they may use this information in difficult treatment decisions (e.g.
Salazar et al. [2]). In some cases, clinicians will treat patients with a bad expected outcome more aggressively,
for example by giving cholesterol lowering medication to patients with a high predicted risk of a heart attack
[3, 4]. In other cases, for instance when the treatment is burdensome or scarcely available (e.g. ventilator
machines on the intensive care during a pandemic), clinicians may reserve treatment for patients with a good
predicted outcome.

Many such OPMs are added to the protocol of care by designing specific thresholds for specific actions
[3]. If the predicted outcome is above or below the threshold a certain action is taken, e.g. the patient
receives a more aggressive therapy. The basis for including an OPM in a care protocol is generally predictive
accuracy in validation studies [5]. In these validation studies, the OPM may or may not have been used to
inform treatment decisions.

At first, it may seem that this approach is beneficial since giving more information should lead to better
treatment decisions. However, implementing a prediction model for treatment decisions is an intervention
that changes treatment decisions and thus patient outcomes. Whether this change in treatment policy im-
proves patient outcomes is not determined by prediction accuracy in a validation study [6]. For instance,
in cases where a certain patient subpopulation historically received suboptimal care, an accurate OPM will
predict a worse outcome for these patients compared to similar patients outside of the subpopulation. If
clinicians decide to withhold effective treatments (e.g., due to scarcity or perceived futility) to this under-
served subpopulation based on the OPM’s prediction of a bad outcome, the implementation of the OPM
perpetuated biases or caused harm to these patients, despite its accuracy. Moreover, the implementation of
this harmful new policy brought about the scenario predicted by the OPM, as in a self-fulfilling prophecy.
One concrete example where clinicians treat patients with a bad expected outcome less aggressively is in
small cell lung cancer. Prognostic scores for small cell lung cancer patients, such as the Manchester score
developed in [7] are specifically intended to not over-treat patients with a bad predicted outcome because
this is expected to be futile [8, 9].

In this article we address the following questions: 1) Under what conditions is a new policy based on an
OPM going to be harmful, meaning that it leads to worse outcomes than before using the model? 2) In what
circumstances would such a harmful policy go undetected by measures of discrimination or calibration? In
what follows we provide a formalization of the case where patients with a high predicted probability of the
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Figure 1: Some outcome prediction models yield harmful self-fulfilling prophecies when used to guide treat-
ment decisions, meaning the new policy harms a subgroup of patients but the prediction model
has good discrimination post-deployment.

outcome get treatment, where the outcome may be be preferable (e.g. 1-year survival) or undesirable (e.g. a
heart attack). Specifically, we examine the setting where a new OPM is supposed to ‘personalize’ an existing
treatment policy by considering additional features. Section 2 provides notation and definitions, Section 3
presents the main results concerning OPMs that are harmful and self-fulfilling prophecies. We first show
that even in a simple setup with a binary covariate, a non-trivial subset of OPMs yields harmful self-fulfilling
prophecies. This means that such models cause harm but exhibit good discrimination on post-deployment
data, meaning that naively interpreting this as a successful deployment leads to harmful policies. Next,
perhaps surprisingly, we show that when an OPM is well calibrated on both 1) the historical data and 2) a
validation study where the model is used for treatment decisions, the OPM is not useful for decision making.

Based on our results, several common practices in building and deploying OPMs intended for decision
making need revision: 1. Developing OPMs on observational data without regard of the historical treatment
policy is potentially dangerous, because the change in treatment policy between pre- and post-deployment
is what determines the effect of the model on patient outcomes. 2. Implementing a personalized outcome
prediction model is not always beneficial, even if the model is very accurate. 3. When monitoring discrimina-
tion prospectively after deployment, sometimes good discrimination means a harmful model and sometimes
a beneficial one.

2. Notation and definitions

We assume a binary treatment 7', a binary outcome Y and a binary feature X € X = {0,1}. We denote
the outcome obtained with setting treatment T to ¢t as Y;. An OPM is a function trained on historical
data to predict the outcome of interest. We use m;(X) to denote a policy for assigning treatment, possibly
conditional on X, with an index i to indicate what policy we are referring to. Throughout the paper g
will be used to indicate the historic treatment policy that was in place in the data in which the OPM was
developed.

We assume the historical policy is constant and deterministic, meaning that it is always equal to 0 or 1
(i.e. patients were always treated or never treated). Next we define what it means to craft a policy based
on an existing OPM. We will be concerned only with threshold-based policies, namely policies that assign
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treatment based on a threshold A € R. In our setup, policies assign treatment to patients only if the expected
outcome is above A, which could mean either a desirable outcome (e.g. 1-year survival) or undesirable (e.g.
a heart attack).

Definition 1 (Policy informed by OPM)
Let f: X — [0,1] be an OPM and A € R a threshold. We call my a policy informed by f and define it

as follows
1 flz) > A

Such policies describe the post-deployment scenario, when the OPM influences treatment assignment.
This deployment will change some of the (conditional) probability distributions compared to pre-deployment.
We distinguish probabilities pre- and post-implementation using subscripts: p;(.) with i € {0, f} respectively.
We now present the first key idea of this paper, namely the special class of OPMs whose predictions are
realized upon implementation. We consider as a metric of discrimination the popular ‘Area under the
ROC-curve’ (AUC [10]).

Definition 2 (Self-fulfilling OPM) Let f: X — [0,1] be an OPM, A € R a threshold and let w¢ be the
policy informed by f. Let AUC(w;) denote the AUC of this OPM on data generated with the historic policy
(7o) or with the policy defined by f (my). We call the pair (f,A) self-fulfilling if the AUC remains the same
or increases post-deployment, namely iff:

AUC(my) > AUC(mo) (2)
Finally, we specify what we mean with an OPM being harmful in comparison with the status quo.

Definition 3 (Harmful OPM) Let f : X — [0,1] be an OPM, A € R a threshold, let mg denote the
historic treatment policy and let my be the policy informed by f. We write the expected outcomes under the
different policies as

pi(Y = 1[X) = Epor,(x) p(Yr = 1|1 X) (3)

where i = 0 denotes the historical distribution and i = f the distribution under m¢. We call f harmful for
the group with X = x with p(X = x) > 0 if the expected outcome of the group® is worse under the new policy
compared to the old policy, namely when'Y =1 is preferable iff

prY =1X=2) <p(Y =1X =2x) (4)
or when Y = 0 is preferable iff
prY =11X =z) > p(Y =1|X =2) (5)

When a policy informed by an OPM is both harmful and self-fulfilling we have a worst-case scenario
where the new policy is causing harm to a subgroup but this, perhaps counter-intuitively, does not result in
a decrease in AUC post-deployment.

3. Results

We now move to the main results, whose proofs can be found in Appendix B. The setting where a new OPM
is supposed to ‘personalize’ an already existing treatment policy by considering more features is encoded as
follows: the new OPM considers a feature X that was previously ignored by the historical policy, specifically
T is constant and deterministic. In addition, the new policy 7¢ is not constant but varies with X.

1. Note that this is different from a model being marginally harmful, i.e. applying 7; leads to worse outcomes on average.
However, we will later see that in our setup with binary X, one of the two groups has the same outcomes pre- and
post-deployment so an OPM that is harmful to a subgroup will also be marginally harmful.
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3.1. Harmful models may have good discrimination post-deployment

We state our main observation as an informal theorem.

Theorem 4 (Informal main result) Let 7y be the policy informed by the OPM f using a threshold A.
Assume that: i) the historical policy my is constant and deterministic i) the new policy 7y is not constant,
i.e. not always equal to 1 or 0 and i) the marginal distribution of X is the same pre and post deployment:
pi(X) = p(X) for i € {0, f}.

Under these assumptions, a non-trivial subset of OPMs will demonstrate good post-deployment discrimi-
nation because they yield self-fulfilling prophecies, and at the same time their deployment harmed patients.

The theorem is exemplified by Figure 1. We proceed to characterize the contours of the subset of self-
fulfilling and harmful OPMs.

Proposition 5 (Self-fulfilling) Suppose the assumptions of Theorem 4 hold. Furthermore assume that
the joint probabilities of X and Y are non-deterministic both pre- and post-deployment:

0<p(Y=1,X=x)<l,VzeX (6)

Then the following two statements are true: i) if the treatment effect is always positive, namely Va €
X:p(Y1 = 11X =x) > p(Yo = 1|X = z), then (f,\) is self-fulfilling; ii) if the treatment effect is always
negative, meaning Vo € X : p(Y1 = 1|X = z) < p(Yo = 1|X = z), then (f, \) is not self-fulfilling.

Remark 6 Proposition 5 gives sufficient conditions for an OPM yielding a self-fulfilling prophecy. When
Y =1 is preferable, meaning the new policy treats only those with a favorable predicted outcome (e.g. under
resource scarcity), this happens when the treatment effect is beneficial for all values of X. When instead
Y = 0 is preferable, meaning the ‘treat high-risk patients’-setting, the sufficient condition is that treatment is
detrimental for all values of X. Treatments that are always detrimental are less likely to be used in practice
as most often treatments are approved for use after they are proven to be beneficial on average with an RC'T.
In this case of ‘treat high risk’, self-fulfilling prophecies may still occur when the treatment is detrimental to
a subgroup of patients.

Remark 7 Proposition 5 does not depend on the OPM’s discrimination in the historical data, meaning that
models with ‘good’ discrimination (i.e. high AUC) and ‘bad’ discrimination (low AUC) are equally susceptible
to yielding self-fulfilling prophecies under the conditions of the proposition.

Now we know when OPMs are self-fulfilling and thus have good post-deployment discrimination, but can
these self-fulfilling OPMs also be harmful? Proposition 8 indicates that they can:

Proposition 8 (Harmful)

Under the assumptions of Theorem 4, when Y =1 is preferable, f is harmful for the group with X = x
if

1. mo(x) =1 and mp(x) =0 and p(Y1 = 1| X =) > p(Yo =1|X =2x) or

2. mo(xz) =0 and mp(x) =1 and p(Y1 = 1|1 X =2) < p(Yo = 1|X = 2)

When Y = 0 is preferable, the inequality signs reverse.

The conditions of this Proposition indicate that, as one would expect, removing the treatment from this
group is harmful iff p(Y; = 1|X = ) > p(Yy = 1|X = z) (assuming Y = 1 is preferable), i.e. if the effect of
the treatment was positive for this group. Conversely, adding treatment to group with X = z is damaging
iff p(Y1 = 1|1X =z) < p(Yo = 1|X = z) (when Y = 1 is preferable), meaning that the treatment decreases
the outcome for the group.
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interpretation of Y =1 (and policy)  m AUC(my) — AUC(my) OPM deployment was
(treat no one) >0 (self-fulfilling) harmful

(treat no one) not self-fulfilling)

(treat everyone) self-fulfilling)

(treat everyone) not self-fulfilling) = harmful
(

(

(

(

<0 (
>0 (
<0 (
treat no one) >0 (self-fulfilling)
<0 (
>0 (
<0 (

undesirable (treat high risk patients)

treat no one) not self-fulfilling) | harmful
treat everyone) self-fulfilling) harmful

treat everyone) not self-fulfilling) [Ibeneficiall

Table 1: Overview of when OPM deployment was harmful, based on three pieces of information that are avail-
able post-deployment. This table excludes the trivial case where nothing changes post-deployment
(see Theorem 11). mo: historical treatment policy (either treat everyone or treat no one in our
setup); AUC(ns): AUC in distribution post deployment; AUC(mp): AUC in distribution pre de-
ployment; OPM: outcome prediction model

0
0
1
1
0
desirable (treat low risk patients) (1)
1

Remark 9 (harmful OPMs are marginally harmful) Under the assumptions of Theorem 4, OPMs
that are harmful for one subgroup are also harmful on average, as the other subgroup’s treatment policy
and outcomes do not change.

Taking together Proposition 5 on when OPMs yield self-fulfilling prophecies and Proposition 8 on when OPM
deployment is harmful, we reach the perhaps surprising conclusion of Theorem 4: even in the simple setup of
binary treatment and binary X, some OPMs are both self-fulfilling prophecies, and thus demonstrate good
post-deployment discrimination, and harm a patient subgroup when deployed. We present an example based
on realistic medical assumptions in Appendix A. In Table 1 we list the cases in which OPM deployment is
harmful, based on three pieces of information that are available post-deployment: i) is Y = 1 preferable or
undesirable? ii) was the historical policy ‘treat everyone’ or ‘treat no one’? and iii) did the AUC of the OPM
increase post-deployment compared to the AUC pre-deployment (i.e. is the OPM self-fulfilling)? Finally,
we note that the performance of the OPM on the historical data does not feature in the assumptions or
statement of Proposition 8. This entails, contrary to what some may expect, that a high performance on
historical data, including external validation, provides no guarantee on whether the OPM-driven policy will
be beneficial.

3.2. OPMs that are calibrated pre- and post-deployment are not useful for treatment
decisions

Monitoring discrimination post-deployment and naively interpreting good post-deployment discrimination
as a safe deployment is thus not a good strategy, as self-fulfilling prophecies have good post-deployment
discrimination but can still be harmful depending on the context. We now turn to another key metric
of OPMs predicting the risk of an outcome: calibration [11, 12, 13] and investigate how post-deployment
calibration relates to harmful policies. We use the following definition of calibration:

Definition 10 Let p(X,Y) be a joint distribution over feature X and binary outcome Y, and f : X — [0, 1
an OPM. f is calibrated with respect to p(X,Y) if, for all o € [0, 1] in the range of f, Ex ypx,v)[Y[f(X) =
al = a.

We distinguish two distributions p;(Y" = 1|X) on which an OPM can be calibrated depending on the
treatment policy indicated with ¢ € {0, f}. Theorem 4 states that harmful OPMs can have good pre- and
post-deployment discrimination, but can they also have good calibration? The following theorem shows that
OPMs that are calibrated pre- and post-deployment do not lead to better treatment decisions.
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Theorem 11 Let f be an OPM that is calibrated on historical data and w¢ be non constant. Such OPM is
calibrated on the deployment distribution iff for every x € X:

mo(w) = m4(x) or p(Yi = 11X = ) = p(¥ = 1|X = a) (7)

Note that this entails that for all z € X either the treatment policy does not change, or it changes where it
is irrelevant because for that value of X the treatment effect is zero. Both cases imply the implementation of
the OPM is inconsequential. This may seem counterintuitive, but an OPM being calibrated both before and
after deployment means the distribution has not changed, so the policy remains the same or the policy was
changed where it is irrelevant (i.e. no treatment effect). So an OPM that is calibrated on the development
cohort, which remains calibrated post deployment is not a useful OPM.

4. Related work

Previous work noted that prediction accuracy does not equal value for treatment decision making [6, 14,
15]. Here we exactly characterize a set of prediction models that yield harmful self-fulfilling prophecies. The
idea that model deployment changes the distribution and affects model performance was noted in several
lines of previous work. Several authors noted that model performance may degrade over time due to the
effect of deployment of the model [16, 17], but we study the case where model performance does not degrade
but the implementation of it still caused harm. In fact, degraded discrimination may indicate benefit of
the deployment. Perdomo et al. [18] and Liley et al. [19] study the setting of performing successive model
updates, each time after deploying the previous model for decision making. Perdomo et al. [18] study when
over successive deployments predictive performance stabilizes or reaches optimality, and Liley et al. [19] study
both model stability and the effect of model deployment on outcomes. Our work may be seen as a special
case of these works with only a single model deployment and no model update, but we add new insights as we
describe exactly when a single model deployment leads to harm and good post-deployment discrimination.
Several groups have studied out-of-distribution generalization and its connections to causality and invariance
[20, 21, 22] with the aim of removing a model’s dependency on spurious correlations. Again our work differs
as we are interested in characterizing model performance following a very specific distribution change (a
treatment policy change induced by a prediction model) that is particularly relevant in health care, and
our main concern is the effect of this policy change on outcomes. Finally, current guidelines on prediction
model validation and deployment focus on discrimination and calibration only, not on these newer invariance
metrics [5, 15].

5. Discussion

We showed how OPMs can be harmful self-fulfilling prophecies, meaning they lead to patient harm when used
for treatment decision making, but retain good discrimination after deployment. Moreover, we showed that
when a model is well calibrated before and after deployment it is not useful for treatment decision making.
The upshot of these findings is not only that harmful and self-fulfilling policies exist, but also that in some
scenarios it is even desirable to see worse discrimination after deployment, since this signals a beneficial new
policy in terms of patient outcomes. These results cast doubt on the adequacy of current practice for the
evaluation of predictive models post deployment, when these models are used for decision making.

In recent years, the United States Food and Drug Administration is developing protocols on regulating
artificial intelligence based software for medical applications. Their guiding principles explicitly include a
total product life-cycle approach, where post-deployment monitoring and certain potential model updates
are foreseen and described during initial approval, both with the aim to ensure post-deployment safety for
example under dataset shifts, but also to avoid the need for re-approval after each model update. Though
their guiding principles on ‘good machine learning practice’ [23] and ‘Predetermined Change Control Plans’
[24] both mention post-deployment monitoring for safety, the intended monitoring seems to center mostly
around predictive performance, which our results demonstrate to be insufficient to protect against harmful
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self-fulfilling prophecies. Requiring explicit monitoring of changes in patient outcomes over time and changes
in treatment policy may in some cases be warranted. Though monitoring patient outcomes in important
pre-determined patient subgroups before and after deployment may detect harmful model deployments,
before-after comparisons are plagued by well known biases such as potential concurrent changes in policies
or general time-trends in outcomes. The best experiment to demonstrate the safety of deploying an OPM is
to conduct a cluster randomized controlled trial, where some care-givers are randomly selected to have access
to the OPM and others are not. The difference in average outcomes of patients between the care-givers with
and without access determines whether using the OPM led to better patient outcomes. How to pre-specify
safe model updates in a total product life-cycle approach after a cluster randomized trial in light of our
self-fulfilling prophecy framework is left for future work.

Some limitations remain, encoded in the assumptions of our formal results. The setting we describe is
kept simple on purpose, a choice that helps in pinpointing the problem but limits somewhat the applicability
of this theory to real-world use cases. The extension of our results to other feature types (continuous or
categorical X ), non-threshold based policies, or to a m that is not constant (i.e. varies with X) or is non-
deterministic, is left to future work. Other more complex use cases worth investigating might display policies
that are harmful for subgroups identified by variables not included in the list of predictors of the model.
The continuation of this line of work entails the re-evaluation of the metrics to monitor and assess a model’s
effectiveness, and given that model deployments for decision support are interventions, this will benefit from
using the language of causal inference.
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Appendix A. Hypothetical example of a harmful self-fulfilling prophecy

We now give a full-fledged hypothetical example based on realistic assumptions that would result in an OPM
yielding a policy that is both harmful and self-fulfilling.

Consider the problem of selecting a subset of end-stage cancer patients for palliative radiotherapy. Such
treatment has severe side-effects and thus domain experts advise to attempt to reduce over-treatment in the
population of cancer patients. To comply with this advice, a medical center needs to decide which patients
will not be eligible anymore for the therapy.

The medical center decides to give the therapy to patients with the longest expected overall survival,
under the assumption that these patients would be those for whom the side-effects are justifiable. To support
this policy, researchers built an OPM to predict the probability of 6-months overall survival based on pre-
treatment tumor growth rate using historical patient records from the medical center. Fast-growing tumors
are more aggressive so these patients have a shorter survival overall. The medical center decides to use this
model to allocate the therapy and tests the model’s discrimination post deployment. Based on this we have
the following facts:

1. X = 1: fast growing tumor, X = 0: slow-growing tumor;
2. mo(X) = 1, the historical policy was treating everyone;

3. p(Yp = 11X =0) — p(Yp = 1|X = 1) > 0, with radiotherapy, patients with fast growing tumors live
shorter

A model with a good fit to the data will predict that patients with slow-growing tumors have a higher
probability of 6-months survival. We also assume that the new policy is non-constant and favors those with
highest predicted outcome, which means that the new policy will be ‘treat patients with slow growing tumors
but not those with fast growing tumors’:

Tf (X)=1-X

However, it is well known that fast-growing tumors respond better to radiotherapy than slow growing
tumors [25]. Based on this we add the following two assumptions:

1. p(Yo =1]X =0) — p(Y1 = 1|X = 0) = 0, radiotherapy is not effective against slow growing tumors;

2.0 =pYp=1X=1)—p(Y;1 =1|X =1) <0, radiotherapy is effective for fast growing tumors.

This means that the antecedent of Proposition 5 is satisfied, meaning that f yields a self-fulfilling prophecy
in combination with any threshold A such that the resulting policy is non-constant. Removing the therapy
from the group X = 1 will worsen their outcomes by §, separating the two groups even more and resulting
in higher AUC post-deployment.

Moreover, according to the first case of Proposition 8, the OPM is harmful because the new treatment
policy leads to worse outcomes for the group with fast growing tumors (X = 1). So the OPM-based policy
treats exactly the wrong patients: those who do not benefit from treatment still receive it, those who would
benefit from treatment do not, but paradoxically it has good discrimination before and after deployment.

Appendix B. Proofs of main results

B.1. Proof of Proposition 5.

Proof
First we give some elementary definitions and equalities. Define

pi(x) =p;(Y =11X =2) = (1 —m(2) p(Yo = 1| X = 2) + mi(z)p(Y1 = 1|1 X = z) (8)
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So by the law of total probability we can write
pi(Y =1) = pi(X = 0)p;(0) + pi(X = )i (1) 9)
By Bayes rule we have:

pi(Y =y|X =2)p(X = z)
pi(Y =y)

Filling in the definition of y;(z) into 10 using the assumption that p;(X = z) = p(X = z) we have in
particular:

pi(X =zY =y) = (10)

ROC-curves are created by transforming a continuous-valued function to a binary prediction based on a
varying threshold T and calculating the sensitivity and specificity for each value of 7:

sensitivity = p(f(X) > 7|Y = 1) (12)
specificity = p(f(X) < 7]Y =0) (13)

For each possible threshold, all predictions under the threshold are labeled negative and all predictions
greater or equal to the threshold positive. In the case of a binary X, f(X) only takes two unique values so
the ROC-curve is given by just three points:

1. sensitivity = 1, specificity = 0 (7 = —o0)
2. sensitivity = 0, specificity = 1 (7 = +00)
3. sensitivity = sens, specificity = spec (7 = maxyx f(X))

See Figure 2. We can directly calculate the AUC by dividing the area under the ROC-curve in two
adjacent non-overlapping triangles. This gives us the following expression for the AUC (see also [26]):

1
AUC = + 5spec (14)

In this binary case, the area-under the ROC curve is thus determined by a single point denoted as
(spec,sens). A pair (f, ) is self-fulfilling when:

1
AUC(f) — AUC(0) = 3 (sensy + spec; — sensg — specg) > 0 (15)

We structure the proof by first creating an enumeration over all possible scenarios. We assumed 7¢ is
non-constant, which implies that f varies with X. Since X is binary, it must be that either f(0) > f(1)
or f(1) > f(0). These cases are symmetric under relabeling of X so without loss of generality we proceed
assuming that f(0) > f(1) is the case. Since 7 is not constant but 7y is, it must be that either the treatment
policy changes for X = 0 but remains the same for X = 1, or vice versa. This in turn implies that either
15(0) = po(0) or pg(1) = po(1).

To provide a proof for the theorem, we enumerate all the subcases based on two factors:

1. for which group does the policy change (X =0 or X = 1)7

2. for the group with the policy change, does the outcome under the new policy remain the same (the
policy is inconsequential as the treatment effect is zero), increase or decrease (this will be beneficial or
detrimental depending on whether Y =1 is good or bad )
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Figure 2: AUC for a binary predictor X

This leads to the following 6 cases:

e policy change for which X7

0. 77(0) # m0(0)
effect of policy change:
=: pg(0) = p0(0), pus(1) = po(1)
<t pug(0) < p0(0), pyp(1) = po(1)
> puf(0) > p10(0), gy (1) = po(1)
1. m¢(1) # mo(1)
effect of policy change:
=t p(0) = po(0), pg(1) = po(1)
11£(0) = po(0), py(1) < po(1)
115 (0) = 110(0), pg (1) > po(1)

These 6 combinations cover all possibilities. Since we have that f(0) > f(1), by assumption of a non-
deterministic m¢(x) = If(5)> it must be that for all subcases 7;(0) = 1 and 7(1) = 0. Each of these cases
have implications for 7y and, depending on which policy changes, p(Y7 = 1|X =0) — p(Yo = 1|X = 0) or
p(Y1 =1|X =1) — p(Yy = 1|X = 1). For instance case (0, >) specifies that 7(0) # m(0) so it follows that
mo = 0. And because Y1 (0) = p1(0) > po(0) = Y5 (0) it must be that p(Y; = 1|X = 0)—p(Yy = 1|X =0) > 0,
meaning that the treatment increases the outcome for the group with X = 0.

In the two cases where the outcomes do not change ((0,=) and (1,=)), (f, A) is trivially self-fulfilling as
nothing changes in the distribution of X, Y so the sensitivity and specificity remain the same.

We first prove self-fulfillingness in cases (0,>) and (0, <):

<
>

Case (0,>) and (0,<) We first address case (0, >), which gives us this information:

o 77(0) # mo(0)

13
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o 15(0) > 10(0)

o pf(1) = po(1)

Since f(0) > f(1) we get these sensitivity and specificity:
sens; = p;(f(X) > max(f)|Y =1) =p;(X =0]Y =1) (16)
spec; = pi(f(X) <max(f)|Y =0) = pi(X =1]Y =0) (17)

with 4 € {0, f}. Plugging this into 15 yields:

AUC(f) — AUC(0) = ~ (ps (X = 0]Y = 1) — po(X = 0] = 1)

2
+ps(X =1Y =0) —po(X =0]Y = 0))
1 p(X =0) p(X =0)
= i(uf(o)pf(Y —1) - MO(O)po(Y 1)
p(X =1) p(X =1)
+(1 - ﬂf(l))m -(1- #0(1))170(5/7:0))

where the first equality is by substitution and rearrangement, and the second by Bayes rule. We can
determine the sign of this difference based on the sign of two terms:

= 7(p(X = O)( ) (18)
-1 (liluf(l) 1 — (1) ))

pr(Y =0) po(Y =0)

(19)

We write the difference between pre- and post-deployment expected outcome for the group X =0 as

5 = 17 (0) — 10(0) (20)
This gives us

pr(Y =1) = p(X = Dpus(1) +p(X = 0)ps(0) (21)

= p(X = D)po(1) + p(X = 0)(10(0) + ) (22)

=po(Y =1)+p(X =0)d (23)

where the first step is the law of total probability, the second by the definition of § and the case information
wr(1) = po(1), and finally again using the law of total probability. Furthermore

pr(Y =0)=1-ps(Y =1) (24)
=1-po(Y=1)—p(X =0)J (25
=po(Y =0) —p(X =0)0 (26

where the second step is by our previous calculation and the other two just the property of binary
outcomes. We can now determine the signs of the two terms in 18.
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. i [ OP0(Y = 1) = po(0)py (Y = 1)
sign| | = sign] pr(Y =1)po(Y =1) ]

= sign 17 (0)po(Y = 1) — o (0)ps (Y = 1)] (28)
The first equality is cross-multiplying, the second equality is because the product of two probabilities

(which are positive by assumption) is always a positive number.
Filling in the definition of ¢ :

(27)

sign [ ] (29)
= sign[(110(0) + &)po(Y = 1) — o (0)(po(Y = 1) + p(X = 0)d)] (30)
= sign[dpo(Y = 1) — po(0)p(X = 0)9] (31)
= sign[d(po(Y = 1) — po(0)p(X = 0))] (32)
— sign [510(1)p(X = 1)] (33)
= sign [/] (34)

In the second equality we remove canceling terms. In the third equality we pull out 6. In the fourth
equality we use the expansion of po(Y = 1) = p(X = 0)uo(0) + p(X = 1)uo(1), and for the final equation we
note again that ug(1) and p(X = 1) are positive probabilities so the sign is determined by the sign of ¢.

Now for the second term of 18:

Lopp()  1—po(D)q oo r1=po() 11— po(l)
=0 w0 =0 T =0 k@ =0 (%)
. 1 1
= sign[(1 — (1)) (pf(y —0) " ¥ = O))] (36)
. 1 1
o e [pf(Y =0) po(Y = 0)] (37
— gigq [P0V =0) —p; (Y = 0)
=sien S = ey =0) (38)
= sign[po(Y = 0) —ps(Y = 0)] (39)
= sign [po(Y = 0) — po(Y = 0) + p(X = 0)¢] (40)
= sign[p(X = 0)J] (41)
= sign [()] (42)

The first equality uses the case assumption that pg(1) = po(1). The second equality pulls out the
common term (1 — pg(1)). The third equality follows because 0 < ug(1) < 1. The fourth and fifth equality
are cross-multiplying and again using the positive probability property. In the sixth equality we substitute
in the definition of §. The seventh equality removes the canceling terms, and the final equality again relies
on that 0 < p(X =0).

So both terms in 18 have the sign of §. In subcase (0, >) § has positive sign, so

AUC(f) — AUC(0) > 0

and (f, A) is self-fulfilling.
Immediately it is clear that in subcase (0, <), (f, A) is not self-fulfilling, as subcase (0, <) equals subcase
(0,>) in all respects except that instead it has a negative sign for d.
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Case (1,>) and (1,<) We first address case (1,>), which gives us this information:

o ms(1) # mo(1)
® 115(0) = po(0)
o up(1) > po(1)

Again we write the difference between pre- and post-deployment expected outcome as §, this time for
the group X = 1:

6= pys(1) = po(1) (43)

This gives us

py(Y =1) = (X= Dpg(1) +p(X = 0)5(0) (44)
= p(X = 1)(no(1 )+5)+p( = 0)p10(0) (45)
=po(Y =1) +p(X =1)8 (46)

where the first step is the law of total probability, the second by the definition of § and the case information
15 (0) = 10(0), and finally again using the law of total probability. Furthermore

pr(Y =0)=1-ps(Y =1) (47)
=1-p(Y=1)—p(X =1)9 (48)
=po(Y =0) —p(X =1)§ (49)

where the second step is by our previous calculation and the other two just the property of binary
outcomes. We can now determine the signs of the two terms in 18.

The first two steps for the first are the same as in the case (0,>) (see Equation 27), after these steps we
substitute in the new definition of 4:

sign| ] (50)
— sign [y (O)po(Y = 1) — 1o(0)ps (¥ = 1] (51)
= sign[p0(0)po (Y = 1) — o (0) (po(Y = 1) + p(X = 1)9)] (52)
= sign[—po(0)p(X = 0)9] (53)
= sign[ ] (54)

In the third equality we remove canceling terms. For the final equation we note again that po(0) and
p(X = 0) are positive probabilities so the sign is determined by the sign of ¢.
Now for the second term of 18:
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subcase my wf(0) wr(1) CATE(0) CATE(1) self-fulfilling
0 = 0 1 0 0 yes

0 < 0 1 0 - no

0o > 0 1 0 + yes

1 = 1 1 0 0 yes

1 < 1 1 0 + yes

1 > 1 1 0 - no

Table 2: Enumeration of all possible subcases. The first column indicates for which value of X the treatment
policy changes. The second column indicates whether this change improves outcomes for that group
(>), reduces outcomes (<) or is irrelevant (=). +/— indicates the sign of the subgroup treatment
effect CATE(z) :=p(Y1 = 1|X = z) — p(Yo = 1|1 X = z);

siom 1—pyp(1) B 17/10(1)
g [P,’(Y:0> po(Y )] (%)
g LAY =0) = (1= (1)) = 0) 56

an| pi(Y =0)po(Y = 0)
= sign[(1 - uf (Y 0) — (1= po(1))ps (Y = 0)] (57)
[(1- +0))po(Y = 0) — (L = p1o(1))(po(Y = 0) — p(X = 1)9)] (58)
= sign[— 5130 — (1= po(1)(—p(X = 1)9)] (59)
[=0(po(Y = 0) = (1 = po(1))p(X = 1))] (60)
- 5((1—uo ) ))p(X =0))] (61)
4] (62)

0

sign

= sign
= sign

= sign

The first equality uses cross-multiplication to gather the sum. The second equality follows because we'’re
dividing by a positive number. The third equality is filling in the definition on §. The fourth equality removes
canceling terms. The fifth equality factors out —¢. The seventh equality is by the law of total probability.

So both terms in 18 have the sign of —§. In subcase (1,>) § has positive sign, so

AUC(f) — AUC(0) < 0

and (f, A) is not self-fulfilling.
Immediately it is clear that in subcase (1, <), (f,\) is self-fulfilling, as subcase (1, <) equals subcase
(1,>) in all respects except that instead it has a negative sign for 4.

Enumerating all the cases As said, in the two cases where the outcomes do not change ((0,=), (1,=)),
(f, A\) is trivially self-fulfilling.

Putting all the pieces of information for all subcases together in Table 2 we see that when p(Y; =
11X = 2) — p(Yo = 1|X = 2) > 0 (the treatment effect is never negative), (f,A) is self-fulfilling. Also,
when p(Y1 = 1|X = z) — p(Yp = 1|X = z) < 0 (the treatment effect is always negative), (f,A) is never
self-fulfilling. These observations conclude the proof.

|

B.2. Proof of Proposition 8.

Given that we assumed binary T and X, we can write the expected value of the outcome conditional on
these two variables with four parameters without making parametric assumptions, marginalizing over other
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variables different than X and T. For ease of interpretation of our results we write the expected value as a
sum:

p(Yr—: =1|X =2) = a+ Byx + Bit + Burat (63)

Note that this is not an assumption on the generating process of the outcome Y, which could have arbitrary
form, it is only a formal device to represent the four outcomes of interest, one for each value of X and T.
We now proceed to prove the Proposition for the case where higher outcome is better; to obtain a proof
for the symmetric case (higher outcome is worse) one needs only to switch the sign in the inequalities 64 and
65, along with their specialization in the subcases.
Proof A treatment is harmful for the group with X = o’ iff ps(Y = 1|1X = 2’) < po(Y = 1|X = 2’), where
according to definition 3 p;(Y = 1|X) = Epr,(x) p(Yr = 1|X) The proof continues as a case distinction
depending on the value of z’.

Case ' = 1. For 2/ =1 the definition of harmful translates to

(m¢(1) = mo(1)) (Bt + But) <0 (64)

We consider the possible values of 7 and 7o in subcases. Note that if 7¢(1) = mo(1) the above inequality
cannot hold since all terms cancel out and the treatment cannot be harmful (because nothing changes for
group X = 1), so we only consider subcases where these two differ.

Subcase 1. We have 74(1) = 0,7(0) = 1 and mp(z) = 1. In this scenario, we were treating everyone
and with the new policy we withhold treatment from group X = 1. In this case statement 64 specializes to
Bt + Bzt > 0, meaning that treatment was beneficial and removing it will do damage to group X = 1.

Subcase 2. We have 7y(1) = 1,74(0) = 0 and mo(z) = 0. In this scenario, we were treating nobody
and with the new policy we introduce treatment for group X = 1. In this case statement 64 specializes to
Bt + Bzt < 0, meaning that treatment is harmful and adding it damages group X = 1.

Case 2/ = 0. For 2/ = 0 the definition of harmful translates to

(m5(0) = m0(0)) Br < O (65)

Again if 74(0) = my(0) the above inequality cannot hold since all terms cancel out and the treatment cannot
be harmful (because nothing changes for group X = 0), so we only consider subcases where these two differ.

Subcase 1. We have 77(1) = 0,77(0) = 1 and mo(x) = 0. In this scenario, we were treating nobody and
with the new policy we introduce treatment from group X = 0. In this case the statement 65 specializes to
B < 0, which is what we intended to prove.

Subcase 2. We have 74(1) = 1,7(0) = 0 and mo(x) = 1. In this circumstance statement 65 specializes to
By > 0. |

B.3. Proof of Theorem 11.
By assumption f perfectly fits the historical data, so:

f(X=2)=po(Y =1|X =2) = Eprryz) p(Yr = 1|X = 2).
We now prove that f is calibrated on the deployment distribution generated by 7 iff for all x € X

mo(z) = mp(x) or p(Y1 = 1|X =2) =p(Yo = 1|X =z) (66)
Proof As a shorthand define:
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wi(x) =p;(Y = 1|X =x)

=(1—mi(2))p(Yo = 1|X = 2) + mi(2)p(Y1 = 1| X = x).
f perfectly fits the historical data so:

(X =) = pola), Vo € X. (67)

[ is calibrated on the post-deployment distribution when for all a € [0, 1] in the range of f, Ex y ~p;x,v)[Y [f(X)
a] = a. Soif f is calibrated on both the historic distribution and the post-deployment distribution we have
that:

Exy~p,x[Y[f(X) = a
=Ex.yrp, (X v)15(x)=alY]
(X) = all/ Exnp, () [1f(X) = @]
(X) = all/ Exnpo o) [1f(X) = a]]
Where 1]..] is used for the indicator function. We first show that this holds iff for every z € X, f(x)
po(x) = T

py(z). Note that in the last two equations above, the denominators are the same as po(X) = ps(X),
so also the enumerators must be the same, so:

=Exyep;x)[Y1[f
=Ex yepox ) [Y1[f

Ex opo(x) Eympov ) [Y1[f(X) = a]] =

Exnp;(x) By np, (v [Y L[S (X) = o]
= Expo(x) Uf(X) = ] Eypyvix)[Y] =

Exep;x) Uf(X) = ] Ey p, (v [Y]
= Exnpox) Lf(X) = o] Ey, v, x[(1 — m0(X)) Yo + mo(X) V1]
=Exp,x) LX) = o] By, vy x [(1 — 7 (X) Yo + 75 (X)Y1]

Since by assumption po(X) = ps(X) = p(X) we have that

= Exopx) Hf(X) = o] By, v, x[(1 — 70 (X)) Yo + mo(X)Y1]
=Expx) 1f(X) = o] Eyg vy x[(1 = 74 (X)) Yo + s (X)V1]
= Ex,yo,vi Hf(X) = (1 — m0(X))Yo + 70 (X)Y1)
= Exvo v, 1[f(X) = a]((1 = 7 (X)) Yo + 74 (X)Y1)
= Ex 1[po(X) = a]uo(X) = Ex Luo(X) = ous(X)
Where in the last line we substituted the definition of 1 and used the assumption that f(

X) = po(X).
Finally we note that by assumption 7(X) is non-constant. As X is binary it must be that f is injective

This implies that the expectation in the last line is given by the value of p on a single point corresponding
with o which proves that po(X) = pr(X).

Looking at the difference between p1o(X) and p5(X) we see that:

(X)) — po(X) =
(1 =7 (X))p(Yo = 1|X) + 7p(X)p(Y1 = 1| X)) —
(1 = mo(X))p(Yo = 1|1X) + mo(X)p(Y1 = 1|1X))
= (my(X) — m0(X)) (p(Y1 = 1]1X) — p(Yo = 1|X))
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Hence the difference 17 (X) — po(X) is zero iff at least one of the last two terms is zero. This means that f is
calibrated on the deployment distribution iff for every z either my(z) = mo(x) or p(Y1 = 1|1X) = p(Yy = 1|X)
|
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